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Abstract
Given a completely regular topological space X , we wish to determine the poset structure
of the root system of prime ideals of the ring C(X ) of real-valued continuous functions on
X ; and vice versa. Here, we describe three measures on the poset of prime subgroups of a
lattice-ordered group which determine the arithmetic of the group. Then we show that C(X ) has
the property that the sum of any m minimal prime ideals is a maximal ideal or the entire ring
if and only if the subspace
⋂m
j=1 cl(coz(fj))⊂X is a P-space for every pairwise disjoint family
{fj}mj=1⊂C(X ). c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 06F25; 06F15; 54C30
0. Introduction
The main result of this paper is Theorem 4.3, which states that C(X ) has the property
that the sum of any m minimal prime ideals is a maximal ideal or the entire ring if
and only if the subspace
⋂m
j=1 cl(coz(fj))⊂X is a P-space for every pairwise disjoint
family {fj}mj=1⊂C(X ). This theorem is a generalization of [17, 3.5]; both are in the
spirit of [8, 14.25 and 14.29] in which one-to-one correspondences between algebraic
properties of the ring C(X ) and topological conditions on the space X are established.
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Our approach is also inHuenced by the theory of lattice-ordered groups found in [2,3].
This is illustrated in the second section of this paper, where we demonstrate that a
positive integer m is minimal with respect to the property that the supremum of any
family of m minimal prime subgroups of a lattice-ordered group G is the lex kernel if
and only if the lex kernel is the lattice-ordered subgroup generated by the set
⋃m
j=1 a
⊥
j
for any pairwise disjoint set {aj}mj=1⊂G.
1. Preliminaries
We begin with a few deJnitions. The reader is referred to [6,2,8] for further details.
1.1. Lattice-ordered groups
Let (L;≤) be a partially ordered set. If a; b ∈ L are incomparable, then we write
a ‖ b. L is totally ordered if any two elements are comparable. A group (G;+; 0;≤)
with partial order ≤ is a lattice-ordered group (henceforth, ‘-group) if it is a lattice
and if g ≤ h implies that c + g ≤ c + h and g + c ≤ h + c for all c ∈ G. By G+ we
mean the set of elements g ∈ G such that g ≥ 0. Let g+ = g ∨ 0 and g− = (−g) ∨ 0,
then g= g+− g−. Recall that |g|= g+ + g−. Note that g+ ∧ g−=0; in general, we say
that a pair of elements g; h ∈ G are disjoint if g ∧ h= 0.
An ‘-subgroup H of an ‘-group G is a subgroup which is also a sublattice of
(G;≤). We call an ‘-subgroup convex if 0 ≤ g ≤ h ∈ H implies that g ∈ H . G(S)
denotes the convex ‘-subgroup of G generated by the set S ⊆G. Let C (G) denote
the set of all convex ‘-subgroups of G ordered by inclusion. This set is a distributive
lattice under the operations of arbitrary intersection and
∨
i∈I Hi = G(
⋃
i∈I Hi), where
{Hi}i∈I ⊆C (G) and I is any indexing set; see [6, 7:10] for details. Let S ⊆G. Then
the polar of S is given by
S⊥ = {g ∈ G : |g| ∧ |s|= 0 for all s ∈ S}:
If S is a singleton, say S = {g}, then we write g⊥ for the polar of S. Note that for
any S ⊆G, we have that S⊥ ∈ C (G) and (S⊥)⊥⊥ = S⊥.
The convex ‘-subgroups of greatest interest to us are the prime subgroups of G.
These are the subgroups H ∈ C (G) for which any one of the following equivalent
conditions is satisJed [6, 9:1]:
1. If g ∧ h= 0 then g ∈ H or h ∈ H .
2. If g; h ≥ 0 and g ∧ h ∈ H then g ∈ H or h ∈ H .
3. The right cosets of H are totally ordered.
4. The convex ‘-subgroups of G containing H form a chain.
The Jnal condition given above indicates that, under inclusion, the prime subgroups
form a root system. That is, the poset has the property that incomparable elements have
no common lower bound. The structure of this poset is the subject of our investigation.
Note that we use Spec+(G) to denote the set, or spectrum, of all prime subgroups of G.
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Topologize Spec+(G) using the hull-kernel (or Zariski) topology whose open base is
given by U (g) = {P ∈ Spec+(G): g ∈ P} for g ∈ G.
By Zorn’s Lemma, minimal prime subgroups exist and every prime subgroup con-
tains a minimal prime. Let Min+(G) denote the set of all minimal prime subgroups
of G. If P ∈ Min+(G) then by [1, 1:2:11], we have P =
⋃{g⊥: g ∈ P}. This implies
O(Q) def=
⋂{P ∈ Min+(G): P⊆Q} is the set ⋃{g⊥: g ∈ Q}, for a prime subgroup
Q⊆G, by [2, 3:4:12].
1.2. f-Rings
Let (R;+; ·;≤) be a ring whose underlying group is an ‘-group and satisJes the
relations rc ≤ sc and cr ≤ cs whenever r ≤ s and c ≥ 0. Such a ring is a lattice-ordered
ring (abbreviated ‘-ring). If an ‘-ring R also satisJes ca ∧ b = ac ∧ b = 0 whenever
a∧b=0 and c ≥ 0, then R is called an f-ring. The f-rings are precisely the subdirect
products of totally ordered rings.
An ‘-ideal of an ‘-ring R is an ideal which is a convex ‘-subgroup of R. We call
an ‘-ideal a prime ‘-ideal if it is also a prime ideal. Let Spec(R) denote the space of
all prime ideals of R in the hull-kernel toplogy. Let Max(R) and Min(R) denote the
subspaces of maximal and minimal prime ideals, respectively. By property 4 above,
we see that prime ‘-ideals of an f-ring are prime subgroups. Hence, as in the case of
‘-groups, the subset Spec‘(R) of prime ‘-ideals forms a root system. Denote the sub-
spaces of maximal and minimal prime ‘-ideals by Max‘(R) and Min‘(R), respectively.
We call a commutative ring semiprime if it contains no nonzero nilpotent elements.
In the case of commutative f-rings, we have the following equivalent conditions [2,
9:3:1]:
1. R is semiprime.
2. For any a; b ∈ R, we have that |a| ∧ |b|= 0 if and only if ab= 0.
3. Min‘(R) =Min(R).
Let A be a commutative ring with identity and P ∈ Spec(A). DeJne the ‘-ideal
O(P) = {a ∈ A :∃b ∈ P; ab=0}. If A is also a semiprime f-ring, then this is the same
as the ‘-subgroup O(P) deJned previously.
1.3. Rings of continuous functions
Let X be a HausdorP topological space. X is called completely regular (or Ty-
chono:) if for every closed set A⊆X and x ∈ X \A, there exists a real-valued contin-
uous function on X such that f(x) = 1 and f(A) = {0}. Unless otherwise stated, we
assume that all spaces are completely regular. Let C(X ) denote the set of real-valued
continuous functions on a space X . Under the operations of pointwise addition and
multiplication, C(X ) is a semiprime ring. Ordering the ring via f ≤ g if and only if
f(x) ≤ g(x) for all x ∈ X gives an f-ring structure. Let C∗(X ) denote the convex
‘-subring of bounded functions.
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The zeroset of f, is the set Z(f) = {x ∈ X : f(x) = 0}. The complement, coz(f) =
X \Z(f), is the cozeroset of f. Sets A; B⊆X are completely separated if there exists
f ∈ C(X ) such that f(A) = {0} and f(B) = {1}. If for every f ∈ C(A) there exists
f˜ ∈ C(X ) such that f˜|A = f, then we say that A is C-embedded in X . Likewise, A is
C∗-embedded in X if bounded continuous functions on A extend to bounded continuous
functions on X . These embedding properties are characterized by complete separation
of particular subsets, as follows:
1. Urysohn Extension Theorem [8, 1:17]: A⊆X is C∗-embedded in X if and only if
any two completely separated sets in A are completely separated in X .
2. A C∗-embedded set is C-embedded if and only if it is completely separated from
every zeroset disjoint from it, [8, 1:18].
The Stone– SCech compactiJcation "X is our compactiJcation of choice, since "X is
characterized by the property that it is (up to homeomorphism) the unique compact
space in which X is dense and C∗-embedded. There are at least three diPerent ways
to construct "X ; we refer the reader to the one described in detail in Chapter 6 of [8].
In 1939, Gelfand and KolomogoroP proved in [7] that the maximal ideals of C(X ) are
exactly those of the form Mp={f ∈ C(X ): p ∈ cl"X Z(f)}, where p ∈ "X . If p ∈ X ,
then we will write Mp.
We know that every prime ideal of C(X ) is convex, by [8, 5:5]: so we deduce that
Spec(C(X )) is a root system. In order to understand this root system, it is useful to
consider the properties of other ideals. For instance, for p ∈ "X , the ideals of the
form Op=O(Mp)={f ∈ C(X ): cl"X Z(f) is a neighborhood of p} are of paramount
interest when examining the prime ideals of C(X ). One reason is given in [8, 7:15]:
every prime ideal P in C(X ) contains Op for a unique p ∈ "X and Mp is the unique
maximal ideal containing P.
If Op is prime, then we call p an F-point. If X has the property that Op is a
prime ideal for every p ∈ X , then we call X an F-space. We see that in this case,
the graph of Spec(C(X )) consists of a set of strands with no branches. See [8, 14:25].
A special case of an F-point is when Op = Mp and we call p a P-point if this
occurs. Call X a P-space if every point of X is a P-point. In this case, the spectrum
of C(X ) consists only of vertices. Equivalent deJnitions of P-space are presented in
[8, 14:29]. We will also examine two other special types of F-spaces. X is basically
disconnected if the closure of any cozeroset is clopen. X is extremally disconnected if
any open set has open closure. Discrete spaces are extremally disconnected; extremally
disconnected spaces are basically disconnected and all such spaces are F-spaces by [8,
14:N4]. Every P-space is basically disconnected by [8, 4K:7]. The converses of the
preceding statements do not hold. That is, these are distinct classes of spaces.
2. Characters on Spec+(G)
We seek a collection of measures on root systems whose values will determine
some portion of the structure of a lattice-ordered group. In this section, we describe
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three such measures: rank, prime character, and Jlet character. The rank measures
the width of a connected component of the spectrum, the prime character determines,
roughly speaking, the complexity of minimal paths between minimal primes, and the
Jlet character counts the maximum length of a chain of branching incidences.
2.1. Rank
The Jrst character on Spec+(G) that we consider is simply one which counts the
minimal prime subgroups contained in a convex ‘-subgroup.
Denition 2.1. The rank, rkG(H) of a convex ‘-subgroup H ≤ G is the cardinality of
the set of minimal prime subgroups of G contained in H . If that cardinal is not Jnite,
then we will say that H has inJnite rank; we may choose to specify the cardinal when
its value is of signiJcance in a discussion. If H is a minimal prime subgroup of G,
then we deJne rkG(H) = 0.
This is a variation of the following deJnition given in [10]: Let A be a commutative
f-ring with identity and M a maximal ‘-ideal of A. The rank of M , denoted rkA(M),
is the cardinality of the subspace of minimal prime ideals of A contained in M . By
convention, if the rank of M is inJnite and we do not necessarily care about the exact
cardinality, we write rkA(M) =∞. The rank of a point p ∈ X , rkX (p), is the rank of
Mp. The rank of the f-ring A is the supremum of the ranks of the maximal ‘-ideals
of A, when it exists; the rank of a space X is the rank of C(X ).
We begin with illustrations of the extremal values of ranks. An ‘-group is semipro-
jectable if for any g; h ∈ G+, (g∧ h)⊥ = G(g⊥ ∪ b⊥). In [2, 7:5:1], it is proved that
G is semiprojectable if and only if each prime subgroup contains a unique minimal
prime subgroup, which is equivalent to rkG(P) ≤ 1 for every P ∈ Spec+(G). Thus, it
is evident that a space X is an F-space if and only if C(X ) is semiprojectable which
is equivalent to rk(C(X )) ≤ 1. In particular, X is a P-space if and only if C(X ) is von
Neumann regular, which is equivalent to rk(C(X ))=0. The one-point compactiJcation
of the natural numbers, )N, is an example of a space for which C(X ) has inJnite rank,
[8, 14G]. In fact, if ) is the point at inJnity, then the maximal ideal corresponding
to ) contains 2c minimal prime ideals (where c is the cardinality of the continuum)
– one for each free ultraJlter on N. Moreover, by [9, 4.8], this subspace of minimal
prime ideals is homeomorphic to the corona, "N \N.
2.2. Prime character
Throughout, we will describe the location of a prime subgroup in reference to a
designated convex ‘-subgroup, called the lex kernel of an ‘-group G and denoted by
lex(G). It is the least convex ‘-subgroup containing all the minimal prime subgroups
of G. It is always the case that lex(G) is a prime subgroup [6, 27:2] which is
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normal in G [6, 27:13]. We refer the reader to the discussion of lex kernels in
[6, Section 27].
The second character we consider counts the minimum number of minimal prime
subgroups that we must sum in order to obtain the lex kernel.
Denition 2.2. Let S be a family of minimal prime subgroups of G. We call S ample
if
∨
S= lex(G). The prime character of G, denoted *(G), is the least cardinal so that
any family of distinct minimal prime subgroups of that cardinality is ample. Note that
if lex(G) = 0, i.e., if G is a totally ordered group, then we say *(G) = 1. A prime
subgroup of G that is properly contained in lex(G) is called embedded.
Proposition 2.3. Let G be an ‘-group and m a positive integer. The following are
equivalent:
1. *(G) = m¡∞.
2. m= 1 + sup{rk(P) : P ∈ Spec+(G) is embedded}.
3. m is minimal with respect to the property that lex(G) = G(
⋃m
j=1 a
⊥
j ) for any m
pairwise disjoint positive elements; {aj}mj=1⊆ lex(G)+.
4. m is minimal such that for any embedded prime P; the chains of proper polars in
P have length at most m− 1.
Proof. (1) ⇒ (2): Let P be embedded. If P contains the m minimal prime sub-
groups {Qj}mj=1⊆Min+(G) then
∨m
j=1 Qj ⊆P⊂ lex(G). Hence *(G)¿m. Thus we
have shown that *(G) ≤ m implies rk(P)¡m. Thus by (1), rk(P) ≤ m − 1 and
sup{rk(P): P embedded} ≤ m − 1. If sup{rk(P): P embedded}¡m − 1, then for
any family S of m − 1 minimal prime subgroups of G, ∨ S is not embedded since
rk(
∨
S) ≥ m− 1. Thus ∨ S = lex(G) and *(G) ≤ m− 1. Thus *(G) =m implies that
sup{rk(P): P embedded} ≥ m− 1. Therefore sup{rk(P): P embedded}= m+ 1.
(2)⇒ (3): Let {aj}mj=1⊆ lex(G)+ be pairwise disjoint. Let g ∈ lex(G) \G(
⋃m
j=1 a
⊥
j )
and let V be a value of g such that G(
⋃m
j=1 a
⊥
j )⊂V ⊂ lex(G). Then by the polar
characterization of O(V ), [2, 3:4:12], we have that aj ∈ O(V ) for each j such that
1 ≤ j ≤ m. By (2), V contains at most m − 1 minimal prime subgroups, {Qi}m−1i=1 .
Since O(V ) =
⋂m−1
i−1 Qi, we have by the pigeonhole principle that there must be a
minimal prime subgroup, Q, contained in V which fails to contain two of the elements
of {aj}mj=1. But since these elements are pairwise disjoint, this contradicts the fact that
Q is prime. Therefore, lex(G) = G(
⋃m
j=1 a
⊥
j ).
For the minimality of m, let P be an embedded prime of rank n¡m. Then by the
Finite Basis Theorem, P=O(P) contains n pairwise disjoint elements of corresponding
to elements of P which are not in O(P), say {bk}nk=1⊆P. Then b⊥k ⊂P for each k
such that 1 ≤ k ≤ n and G(⋃nk=1 b⊥k )⊆P⊂ lex(G).
(3)⇒ (1): Assume that *(G)¿m. Then there exists S={Qj}mj=1⊂Min+(G) which
contains m elements and is not ample. Let Q=
∨
S ⊂ lex(G). For each j, let qij ∈ Q+i \
Qj. Then qi=
∨m
j=1 qij ∈ Q+i \(
⋃
k =i Qk). Disjointify by deJning qi=
∧
i =j qj−
∧m
k=1 qk ∈
Qi. Then qj ∈ Qi for every j = i and then we obtain that G(
⋃m
j=1 qj
⊥)⊆∨ S ⊂ lex(G).
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Hence, *(G) ≤ m. By the minimality of m in (3) and by (1) ⇒ (3), we must have
*(G) = m.
(3) ⇔ (4): Follows directly from the Finite Basis Theorem [6, 46:12] applied to
P=O(P) for any embedded prime P.
The following is immediate:
Corollary 2.4. Let G be an ‘-group. The following are equivalent:
1. *(G)¡∞.
2. sup{rk(P): P embedded}¡∞.
3. There exists m ∈ N such that lex(G) =G(⋃mj=1 a⊥j ) for all families of m pairwise
disjoint elements {aj}mj=1.
We now consider some ‘-group-theoretic properties of the prime character. Note that
for ‘-groups A and B, A⊕B denotes the ‘-group A×B with componentwise operations
and is called the cardinal sum.
Proposition 2.5. Let G be an ‘-group.
1. For any ‘-homomorphic image; H; we have *(H) ≤ *(G).
2. For any C ∈ C (G); *(C) ≤ *(G). If *(G)¡∞; then *(C) = *(G) if and only if
C contains every minimal prime subgroup of G.
3. If *(A); *(B)¡∞ and G = A⊕ B; then *(G) ≤ *(A) + *(B)− 1.
Proof. (1) Let ’ : G → H be an ‘-surjection with kernel K . Then by [6, 9:11],
the prime subgroups of H correspond to prime subgroups of G containing K . Thus,
by the characterization of prime character in terms of ranks of prime subgroups, we
have that *(H) ≤ *(G).
(2) This result follows from [2; 2:4:7; 6; 27:8].
(3) Let G=A⊕B and let P be a prime subgroup of G. Then P=(P∩A)⊕ (P∩B),
by [6, 27:8]. Hence P contains at most (m− 1) + (n− 1) = m+ n− 2 minimal prime
subgroups and therefore *(G) ≤ m+ n− 1, as desired.
Recall from [6, 36:1] that a class C of ‘-groups is a radical class if G ∈ C implies
the following:
1. C (G)⊆C,
2. every ‘-isomorphic image of G is in C, and
3. if {A3}3∈T⊆C (G) ∩ C, then
∨
3∈T A3 ∈ C.
In view of Proposition 2.5, it is natural to ask if the class of all ‘-groups of Jnite
prime character is a radical class. The answer is no; we provide a counterexample
below.
Recall that an application of Zorn’s Lemma establishes the existence of convex
‘-subgroups which are maximal with respect to not containing a Jxed element g ∈ G.
Any such subgroup is generally termed a regular subgroup and speciJcally called a
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Fig. 1. A root system which fails the radical class condition.
value of g. The set of all regular subgroups of G is represented by 4(G). Regular sub-
groups are prime, by [6, 10:4], and a prime subgroup is precisely a convex ‘-subgroup
which is an intersection of a chain of regular subgroups, see [6, 10:8]. In particular,
the minimal prime subgroups of G correspond to the maximal chains in 4(G). For
these reasons, we call the root system given by 4(G) the skeleton of Spec+(G). By
convention, we view 4(G) as a partially ordered indexing set 4 whose elements are
denoted by lower case Greek letters and then represent the regular subgroups by V5
for 5 ∈ 4.
We now construct an ‘-group with two convex ‘-subgroups, A and B, each of Jnite
prime character such that the supremum A
∨
B has inJnite prime character.
Example 2.6. First, we recall a method of constructing examples of ‘-groups having
a speciJed root system as the skeleton of its prime spectrum. Let 6 be a root sys-
tem and deJne V (6;R) = {v : 6 → R : supp(v) has ACC}, where supp(v) = {8 ∈
6 : v(8) = 0}. V (6;R) is an ‘-group under pointwise addition ordered by the re-
lation: v¿ 0 if and only if v(8)¿ 0 for every maximal element 8 ∈ supp(v). Of
interest to us is the ‘-subgroup of maps with Jnite support denoted by 9(6;R) and
the ‘-subgroup of maps whose support is the join of Jnitely any inversely well-ordered
sets, denoted by F(6;R). Clearly, 9(6;R)⊆F(6;R). Theorem 6:1 in [4] establishes
that 4(9(6;R)); 4(F(6;R)) and 6 are isomorphic as posets.
Let 4 be the root system in Fig. 1, where the subgraphs 4A and 4B each have
inJnitely many identical branches descending from its maximal vertex. DeJne G =
9(4;R), A = {v ∈ G : supp(v)⊂4A} and B = {v ∈ G : supp(v)⊂4B}: Then we have
that A ∼= 9(4A;R); B ∼= 9(4B;R) and A ∨ B ∼= 9(4A ∪ 4B;R): Now, it is evident that
*(G) =∞; *(A) = 3 = *(B); and *(A ∨ B) =∞:
Recall that an ‘-group G has a ?nite basis if it contains a Jnite maximal set of
elements {bj}nj=1 such that the set {g ∈ G+ : g ≤ bj} is totally ordered for each j: The
following indicates when we can expect *(A ∨ B)¡∞:
Proposition 2.7. Let G be an ‘-group and let A; B be convex ‘-subgroups such that
*(A)=m¡∞ and *(B)=n¡∞: If lex(A∨B)= lex(A)∨ lex(B); then *(A∨B)¡∞:
Otherwise; *(A ∨ B)¡∞ if and only if each of A and B has a ?nite basis.
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Proof. Assume that lex(A ∨ B) = lex(A) ∨ lex(B) and let P⊂ lex(A ∨ B) be a prime
subgroup of G: Then either lex(A) is not contained in P or lex(B) is not contained
in P; or both. Say lex(A) is not contained in P: Then P ∩ lex(A) is an embedded
prime subgroup of A; and since *(A) = m; we have that rkA(P ∩ lex(A)) ≤ m − 1:
Then by [2, 2.4.7], rkA∨B(P) ≤ m − 1: Likewise, if lex(B) is not contained in P
then rkA∨B(P) ≤ n− 1: Thus, for every prime subgroup P⊂ lex(A ∨ B); we have that
rkA∨B(P) ≤ max{m− 1; n− 1}¡∞: Therefore, by Proposition 2.3, *(A ∨ B)¡∞.
Note that we always have that lex(A) ∨ lex(B)⊆ lex(A ∨ B): We assume now that
lex(A ∨ B) = lex(A) ∨ lex(B) and let P ∈ Spec+(A ∨ B) have the property that
lex(A)∨ lex(B)⊆P⊂ lex(A∨B): If each of A and B has a Jnite basis, then rkA∨B(P)=
|Min+(A)| + |Min+(B)|¡∞ and for any embedded prime subgroup Q of A ∨ B; we
have that rkA∨B(Q) ≤ |Min+(A)| + |Min+(B)|: Thus, by Corollary 2.4, we have that
*(A ∨ B)¡∞: Conversely, *(A ∨ B)¡∞ implies that rkA∨B(P)¡∞: Hence, since
|Min+(A)|; |Min+(B)|¡ rkA∨B(P); we have that each of A and B has a Jnite basis by
the Finite Basis Theorem.
The proof of the following is evident:
Proposition 2.8. Let G be an ‘-group and let A; B ∈ C (G): If A⊆B = lex(B) or if
lex(A) = A and lex(B) = B; then lex(A ∨ B) = lex(A) ∨ lex(B):
We now compare the property of Jnite prime character to Conrad’s Property F :
every element g ∈ G+ exceeds at most a ?nite number of disjoint elements. The
following is compiled in Conrad’s Tulane Notes [3]:
Proposition 2.9. Let G be an ‘-group. The following are equivalent:
1. G has Property F .
2. Every bounded disjoint set in G is ?nite.
3. For every element g ∈ G; the convex ‘-subgroup G(g) has a ?nite basis.
4. Every element of G is contained in all but a ?nite number of minimal prime
subgroups.
Corollary 2.10. Let 4 be any root system in which each maximal element lies above
a ?nite number of minimal elements. Then 9(4;R) has Property F.
Proof. Let v ∈ 9(4;R): Let C be a maximal chain in 4. Then the associated minimal
prime subgroup is HC= {v ∈ 9(4;R) : 5 ∈ C⇒ v(5)=0}: If v ∈ HC; then there exists
5 ∈ C such that v(5) = 0: Since supp(v) is Jnite, v is in all but Jnitely many minimal
prime subgroups of 9(4;R): Thus by Proposition 2.9, 9(4;R) has Property F:
Recall that an ‘-group is ?nite-valued if each element has only a Jnite number of
values.
Proposition 2.11. If G is a ?nite-valued ‘-group of ?nite prime character; then lex(G)
has Property F:
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Fig. 2. A root system with Property F and arbitrary disjoint sets.
Proof. Let g ∈ lex(G): Then any minimal prime subgroup of lex(G) not containing
g is contained in a value of g: Since each value of g contained in lex(G) contains a
Jnite number of minimal prime subgroups and there are only Jnitely many values of
g; there are only Jnitely many minimal prime subgroups of lex(G) not containing g:
Thus lex(G) has Property F:
Proposition 2.12. Let G be an ‘-group and let m be a positive integer. If m is minimal
such that every pairwise disjoint subset of G contains at most m − 1 elements; then
*(G) = m:
Proof. Any proper prime subgroup of G is contained in a value of G; hence proper
prime subgroups of G contain at most m−1 minimal prime subgroups. Thus *(G) ≤ m:
Let n¡m and assume that every family of n minimal prime subgroups of G is ample.
Then every proper prime subgroup (in particular, every value) of G contains at most
n− 1 minimal prime subgroups. This contradicts the minimality of m: Thus *(G)=m:
Example 2.13. The following is an example of an ‘-group of Jnite prime character
such that lex(G) has Property F but G has pairwise disjoint sets of any size m: Thus
the converse of Proposition 2.12 does not hold.
Let 4 be the root system in Fig. 2 and let G = 9(4;R): Then *(G) = 3 and G is
Jnite valued. Thus, by Proposition 2.11, lex(G) has Property F: We demonstrate that
there are bounded disjoint families of any given size.
Index the maximal elements of 4 by :j; where j is a positive integer, and let vj ∈ G
be such that vj(:j) = 1 and supp(vj)⊂{5 ∈ 4 : 5 ≤ :j} where vj(8) = 0 for all 8¡:j:
Then {vj}j≥1 is an inJnite pairwise disjoint family in G: Let a positive integer m be
given. Choose any m elements from this set, {vj1 ; vj2 ; : : : ; vjm} and let S=
⋃m
k=1 supp(vjk ):
Let v be the characteristic function on the Jnite set S; then v ∈ 9(4;R) and v ≥ vjk
for k = 1; 2; : : : m:
Example 2.14. The converse of Proposition 2.11 does not hold. That is, we present
an example of a Jnite-valued ‘-group with Property F and inJnite prime character.
Consider the root system 4 in Fig. 3 which is indexed by the positive integers. Then
each prime subgroup of the ‘-group G = 9(4;R) contains a Jnite number of minimal
prime subgroups, yet there is no bound on the number of minimal prime subgroups in
each prime subgroup. Thus *(G) =∞: G has Property F by Corollary 2.10.
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Fig. 3. A root system with Property F and inJnite prime character.
Fig. 4. A Jlet chain in Spec(G).
2.3. Filet character
The third character that we deJne measures the length of a chain of incidents of
branching. In [13], the notion of a Jlet chain of group elements is deJned; we mimic
this.
Denition 2.15. Let G be an ‘-group. C = {Pi; Qj ∈ Spec+(G): i ≥ 0; j ≥ 1} is
called a ?let chain of prime subgroups if P0⊇P1⊇P2 · · · ; for all i; Pi ‖ Qi; and
Pi+1 ∨ Qi+1⊆Pi for all i ≥ 0 (see Fig. 4). The length of a Jlet chain is given by
l(C)=max{j ∈ N: ∃Qj ∈ C}: If the maximum does not exist, we write l(C)=∞: The
?let character ;(G) is given by ;(G)=sup{l(C) :C is a Jlet chain}: If Spec+(G) has
no Jlet chains, i.e., if G is semiprojectable, then we say that ;(G) = 0:
Proposition 2.16. Let G be an ‘-group. Then ;(G) ≤ 1 if and only if *(G) ≤ 2.
Proof. Suppose that *(G) ≤ 2: If ;(G)¿ 1 then there exists a Jlet chain C of length
2 in which we may assume that P0 =lex(G): Since rk(P1)=2; we have that *(G)¿ 2;
by Proposition 2.3. Conversely, assume that *(G)¿ 2: Then there exist minimal prime
subgroups P2; Q2 such that P1=P2∨Q2 = lex(G): Thus for any minimal prime subgroup
Q1 not contained in P1; the set C = {P0; P1; P2; Q1; Q2}; where P0 = lex(G); is a Jlet
chain of prime subgroups in G of length 2: Therefore ;(G)¿ 1:
For a larger Jlet character, the relationship between it and the prime character is
more complicated, as the following example illustrates.
Example 2.17. Let 4 be the root system given in Fig. 5. Then G = 9(4;R) has
;(G) = 2 while *(G) = 4:
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Fig. 5. A root system with ;(G) = 2 and *(G) = 4:
The following relationships between the characters hold:
Proposition 2.18. Let G be an ‘-group. Then
1. ;(G) ≤ rk(G)− 1:
2. ;(G) ≤ *(G)− 1 ≤ rk(G):
Proof. Let rk(G) = m: If G has a Jlet chain C = {Pi; Qj ∈ Spec+(G) : i ≥ 0; j ≥ 1};
then rk(P0) ≤ m and hence l(C) ≤ m− 1: Therefore, ;(G) ≤ m− 1 = rk(G)− 1:
If *(G) = n and C = {Pi; Qj ∈ Spec+(G) : i ≥ 0; j ≥ 1} is a Jlet chain in G then
l(C)¡∞ since rk(P1) ≤ n− 1 by Proposition 2.3. Hence, in fact, l(C) ≤ n− 1 and
therefore, ;(G) ≤ n− 1=*(G)− 1: Now, *(G) ≤ rk(G)+1 by Proposition 2.3. Thus,
Jnally, ;(G) ≤ *(G)− 1 ≤ rk(G):
3. m-Quasinormal f-rings
In [14–17], Larson deJnes the notion of a quasinormal f-ring; one in which the
sum of any two distinct minimal prime ideals is a maximal ‘-ideal or the entire f-ring.
We generalize this deJnition and a few of her results.
Denition 3.1. Let A be a commutative f-ring with identity and let m be a positive
integer. Call A m-quasinormal if the sum of any m distinct minimal prime ideals is a
maximal ‘-ideal or the entire f-ring A: If X is a topological space such that C(X ) is
m-quasinormal, then we call X an Fm-space.
Note that the “2-quasinormal” condition is Larson’s “quasinormal” condition, the
“1-quasinormal” condition is equivalent to von Neumann regularity, and if A is m-
quasinormal then A is n-quasinormal for any n¿m: Hence, the F1-spaces are exactly
the P-spaces and any Fm-space is an Fn-space, when n¿m:
Theorem 3.5 generalizes [14, 3.3] and describes the m-quasinormal semi-
prime f-rings. Note that [14, 2.2], which we now state, gives necessary and suA-
cient conditions for a semiprime f-ring to have the property that the sum of any two
distinct minimal prime ideals is a prime ‘-ideal. This condition is stronger than the
assumption we make in our theorem, but this result indicates when one can expect to
be able to apply it. Recall that an ideal J is semiprime if a2 ∈ J implies a ∈ J:
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Theorem 3.2. Let A be a semiprime f-ring. The following are equivalent:
1. The sum of any two semiprime ‘-ideals is semiprime.
2. The sum of any two minimal prime ‘-ideals is prime.
3. The sum of any two prime ‘-ideals is prime.
4. For any a; b ∈ A+; the ‘-ideal a⊥⊥ + b⊥⊥ is semiprime.
5. For any two disjoint elements a; b ∈ A+; the ‘-ideal a⊥ + b⊥ is semiprime.
6. For any a; b ∈ A+; the ‘-ideal a⊥ + b⊥ is semiprime.
7. When x; a; b; c; d ∈ A+; a; b = 0 are such that x2 = c + d and a ∧ c = b ∧ d = 0;
there exist g; h ∈ A such that x = g+ h and g ∧ a= h ∧ b= 0:
The theorem above holds for C(X ) since the sum of two prime ideals is prime by
[8, 4B]. We will use the following lemmas. The Jrst follows from the fact that a prime
‘-ideal P of a semiprime f-ring is minimal if and only if for every p ∈ P there exists
q ∈ P such that pq = 0: The second lemma shows the existence of certain functions
which we will take for granted in the proofs to follow.
Lemma 3.3. Let A be a semiprime f-ring in which the sum of any m distinct minimal
prime ideals is a prime ‘-ideal. Let P be a prime ‘-ideal. Then P is minimal with
respect to containing
∑m
j=1 a
⊥
j if and only if for every p ∈ P there exists q ∈ P such
that pq ∈∑mj=1 a⊥j :
Lemma 3.4. Let A be a commutative f-ring. Let n ≥ 2 and let Q1; : : : ; Qn be distinct
minimal prime ideals. Then there exists an element f ∈ Q+i \
⋃
j =i Qj; for each
i = 1; : : : ; n:
Proof. Let fk ∈ Q+1 \Qk for k=1; : : : ; n: Then, by convexity, we have that the element
f =
∨n
k=2 fi ∈ Q+1 \
⋃
j =i Qj; as desired.
Theorem 3.5. Let m be a positive integer. Let A be a commutative semiprime f-ring
with identity in which the sum of any m distinct minimal prime ideals is a prime
‘-ideal. The following are equivalent:
1. A is m-quasinormal.
2. For every nonmaximal prime ‘-ideal P; rk(P) ≤ m− 1:
3. Let {aj}mj=1 be a family of positive pairwise disjoint elements of A. Proper prime
‘-ideals containing
∑m
j=1 a
⊥
j are maximal ‘-ideals.
4. Let {aj}mj=1 be a family of positive pairwise disjoint elements of A; let M be a
maximal ‘-ideal containing the ‘-ideal
∑m
j=1 a
⊥
j ; and let p ∈ M: Then there exists
z ∈ M such that zp ∈∑mj=1 a⊥j :
Proof. (1) ⇒ (2): Let P be a nonmaximal prime ‘-ideal of A such that rk(P) ≥ m
and let Q1; : : : ; Qm be m distinct minimal prime ideals that are contained in P: Then∑m
j=1 Qj ⊆P is not maximal, hence A is not m-quasinormal.
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(2)⇒ (3): Let P be a prime ‘-ideal containing ∑mj=1 a⊥j : Then a⊥j ⊆P for every j:
Therefore, aj ∈ O(P) for all j; and hence P contains at least m minimal prime ideals
by the pigeonhole principle. Thus condition (2) gives us that P is a maximal ‘-ideal.
(3)⇔ (4): Follows from Lemma 3.3.
(3) ⇒ (1): Let M be a maximal ‘-ideal and let Q1; : : : ; Qm⊆M be minimal prime
ideals. Then by hypothesis,
∑m
j=1 Qj is a prime ‘-ideal and we are left to show that
it is a maximal ‘-ideal. For each j = 1; : : : ; m; let aj ∈ Q+j \
⋃
i =j Qi and deJne bj =∧
i =j ai −
∧m
k=1 ak ∈
∑m
j=1 Qj: Then {bj}mj=1 is a pairwise disjoint set of m distinct
elements of
∑m
j=1 Qj and by the choice of the aj’s, we have that
∧m
k=1 ak ∈
⋂m
k=1 Qk
by convexity and
∧
i =j ai ∈ Qj for each j: Hence bj ∈ Qj and b⊥j ⊆Qj; for each j:
Thus
∑m
j=1 Qj is a maximal ‘-ideal by condition (3); since
∑m
j=1 b
⊥
j ⊆
∑m
j=1 Qj:
The quasinormal condition is a variation of the normal condition, which is that the
sum of any two minimal prime ideals of a semiprime f-ring with identity is the entire
f-ring. This is discussed in [12]. The expected generalized deJnition follows, along
with a theorem recording two equivalent conditions. The result is a special case of
Theorem 3.5 and the proof follows immediately from the one above and from [12, 8].
Denition 3.6. Let m ≥ 2 be a positive integer. An f-ring A is m-normal if for any
pairwise disjoint family {aj}mj=1; we have that A=
∑m
j=1 a
⊥
j :
Theorem 3.7. Let A be a commutative semiprime f-ring with identity and let m ≥ 2
be a positive integer. The following are equivalent:
1. A is m-normal.
2. For any maximal ‘-ideal M; we have that rk(M) ≤ m− 1:
3. The sum of any m distinct minimal prime ideals is A.
Before we move to describe Fm-spaces, we Jrst discuss a special class of m-quasinormal
f-rings.
Denition 3.8. Let A be a local f-ring. An embedded prime ‘-ideal P is high if for
every minimal prime ideal N ∈ Min(A); either N ⊆P or N ∨ P = lex(A): Otherwise,
P is low. Call an f-ring A a broom ring if for every maximal ‘-ideal M every prime
‘-ideal in the localization AM is high.
The following is immediate from Proposition 2.3 and Lemma 3.3.
Proposition 3.9. Let A be a local commutative semiprime f-ring with identity and
maximal ‘-ideal M. The following are equivalent:
1. A is a broom ring.
2. *(A) ≤ 2:
3. If P⊂ lex(A) is a prime ‘-ideal; then rkA(P) ≤ 1:
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Table 1
+ r0 s0 r1 s1 r2 s2 r3 s3
r0 (2r0)0 (r0 + s0)0 — — — — — —
s0 (2s0)0 — — — — — —
r1 — — (2r1)1 (s1 + r1)1 (r2 + r1)2 (s2 + r1)2 (r3 + r1)3 (s3 + r1)3
s1 — — (2s1)1 (r2 + s1)2 (s2 + s1)2 (r3 + s1)3 (s3 + s1)3
r2 — — (2r2)2 (s2 + r2)2 — —
s2 — — (2s2)2 — —
r3 — — — — (2r3)3 (s3 + r3)3
s3 — — — — (2s3)3
4. If a; b ∈ A are disjoint and P is a proper prime ‘-ideal containing a⊥ + b⊥; then
lex(A)⊆P⊆M:
5. If a; b ∈ A are disjoint and a⊥ + b⊥⊆ lex(A); then for every p ∈ lex(A); there
exists z ∈ lex(A) such that zp ∈ a⊥ + b⊥:
Proof. (1) ⇔ (2): Since every prime ‘-ideal of A is high, we have that for any
two distinct minimal prime ideals Q1; Q2 that Q1 ∨ Q2 = lex(A): Hence *(A) ≤ 2 by
deJnition. Conversely, *(A) ≤ 2 implies that every minimal prime ideal is high and
therefore that every prime ‘-ideal is high, as desired.
(2)⇔ (3): Since *(A) ≤ 2; we have that rk(P) ≤ 1 for any embedded prime ‘-ideal
P; by Proposition 2.3; and vice versa.
(2)⇒ (4): By Proposition 2.3, we have that a⊥ + b⊥ = lex(A):
(4)⇔ (5): Follows from Lemma 3.3.
(4)⇒ (3): Assume that (4) holds. Let P be an embedded prime ‘-ideal and assume,
by way of contradiction, that rk(P) ≥ 2: Let Q1; Q2⊆P be minimal prime ideals. Let
q1 ∈ Q+1 \Q2 and let q2 ∈ Q+2 \Q1: Disjointify by deJning qj=qj−q1∧q2 for j=1; 2:
Then q1⊥⊆Q2 since q1 ∈ Q2 and q2⊥⊆Q1 since q2 ∈ Q1: Then q1⊥ + q2⊥⊆P and
hence lex(A)⊆P; which contradicts that P is embedded.
Example 3.10. We now present an example of an f-ring which is 3-quasinormal but
is not a broom ring. Let 60=61=[0;∞)⊆R; and 62=63=(1;∞)⊆R; where each is
inversely ordered. Identifying the copies of 0 in the disjoint union 61=(6061)=(00 ∼
01) and letting 62 be the disjoint union 6263; we obtain a root system 6= 6162
with the induced ordering which we now describe. That is, r ¡ s if and only if either
r; s ∈ 6j for j = 0; 1; 2 or 3 and r ¡ s in the inversely ordered real numbers; or if
r ∈ 62, s ∈ 61; or if r ∈ 63, s ∈ 61: Explicitly, r||s if r ∈ 62 and s ∈ 6063 or if
r ∈ 61 and s ∈ 60:
We endow 6 with a partial binary operation (see Table 1). To begin, note that we
deJne 00+00=01+01=00+01=00 ∼ 01: Let rj; sj ∈ 6j be nonzero for j=0; 1; 2; 3: Let
(∗)j denote the sum in parentheses as the usual sum of real numbers residing in 6j;
the mark “—” signiJes that the sum is undeJned. The table is completed by reHection
across the diagonal.
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Table 2
+ r0 s0 r1 s1 r2 s2
r0 (2r0)0 (s0 + r0)0 (r1 + r0)1 (s1 + r0)1 (r2 + r0)2 (s2 + r0)2
s0 (r0 + s0)0 (2s0)0 (r1 + s0)1 (s1 + s0)1 (r2 + s0)2 (s2 + s0)2
r1 (r0 + r1)1 (s0 + r1)1 (2r1)1 (s1 + r1)1 − −
s1 (r0 + s1)1 (s0 + s1)1 (r1 + s1)1 (2s1)1 − −
r2 (r0 + r2)2 (s0 + r2)2 − − (2r2)2 (s2 + r2)2
s2 (r0 + s2)2 (s0 + s2)2 − − (r2 + s2)2 (2s2)2
Let u; v ∈ F(6;R); and deJne for 8 ∈ 6; (u∗v)(8)=∑)+"=8 u())v("): Then F(6;R)
is a local commutative semiprime f-ring with identity, by [5, 2.1]. Let C0 = 60;C1 =
61;C2 = 6162; and C3 = 6163: Then the minimal prime ideals of F(6;R) are of
the form Qj = {u ∈ F(6;R): supp(u)⊆6 \ Cj} for j = 0; 2; 3: The similarly deJned
Q1 is a prime ideal. Now, it is evident that L = lex(F(6;R)) = Q0 ∨ Q2 ∨ Q3 and
Q2 ∨Q3 = Q1 = L so we know that *(F(6;R)) = 3: Therefore, Proposition 3.9 shows
that the ring is not a broom ring. Since L is the maximal ideal of the ring, we have
shown that F(6;R) is 3-quasinormal.
We present a similar example of an broom ring that is not quasinormal.
Example 3.11. Let 60=[0;∞)⊆R; and 61=62=(1;∞)⊆R; where each is inversely
ordered. Let 61 =60 and let 62 be the disjoint union 6162 in order to obtain a root
system 6 = 6162 with the induced ordering which we now describe. That is, r ¡ s
if and only if either r; s ∈ 6j for j = 0; 1 or 2 and r ¡ s in the inversely ordered real
numbers; or if r ∈ 61; s ∈ 60; or if r ∈ 62; s ∈ 60. Explicitly, r||s if r ∈ 61 and
s ∈ 62.
We endow 6 with a partial binary operation (Table 2). Let rj; sj ∈ 6j for j=0; 1; 2.
Let (∗)j denote the sum in parentheses as the usual sum of real numbers residing in
6j; the mark “−” signiJes that the sum is undeJned.
Let C0=60;C1=6061 and C2=6062. Then the minimal prime ideals of F(6;R)
are of the form Qj={u ∈ F(6;R): supp(u)⊆6\Cj} for j=1; 2; the ideal Q0; is prime.
Now, Q0 = lex(F(6;R)) = Q1 ∨ Q2 and so we know that *(F(6;R)) = 2. Therefore,
Proposition 3.9 shows that the ring is a broom ring. Since Q0 is not the maximal ideal
of the ring, we have shown that F(6;R) is not quasinormal.
4. (B; m)-boundary conditions
We now characterize the Fm-spaces.
Denition 4.1. Let m be an integer greater than 1 and let {Uj}mj=1 be a family of m
pairwise disjoint cozerosets of a topological space X . The subspace
⋂m
j=1 clX (Uj) is
called an m-boundary in X . Let B be a topological property. We say that a space X
satis?es the (B; m)-boundary condition if every m-boundary in X has property B.
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In [14, 3.5], Larson proves that if X is completely regular, if every point of X
is a G8-point, and if C(X ) is quasinormal, then X satisJes the (discrete; 2)-boundary
condition. This result is improved in [17, 3.5] to say that if X is normal and for every
p ∈ "X \?X; the ‘-ideal Op is prime then C(X ) is quasinormal if and only if X has the
(Jnite; 2)-boundary condition. Here we reJne this theorem by removing the restriction
on the points of the corona.
First, a lemma, extending [17, 3:1], which we henceforth refer to as
“Larson’s Lemma”:
Lemma 4.2. Let X be normal and let {gj}mj=1⊆C(X )+ be a family of pairwise dis-
joint functions. De?ne Ym =
⋂m
j=1 clX (coz(gj)). Then
∑m
j=1 g
⊥
j =
⋂
y∈Ym My.
Proof. Each function in
∑m
j=1 g
⊥
j must vanish on Ym; hence
∑m
j=1 g
⊥
j ⊆
⋂
y∈Ym My. For
the reverse inclusion, we use recursion. The proof of the base case of m=2 is in [17,
3:1].
Let f ∈ ⋂y∈Ym My and deJne
f1(x) =


f ∧ 1(x) if x ∈ cl(coz(g1));
0 if x ∈
m⋂
j=2
cl(coz(gj)):
Since X is normal and f1 is deJned on a closed set, the function has a continuous
extension, Xf 1 ∈ C(X ). Then f∧1− Xf 1 ∈ g⊥1 and Xf 1 ∈
⋂{Mp: p ∈ ⋂mj=2 cl(coz(gj))}.
Recursively deJne a function Xf k to be the continuous extension of
fk(x) =


Xf k−1 ∧ 1(x) if x ∈ cl(coz(gk));
0 if x ∈
m⋂
j=k+1
cl(coz(gj)):
Then Xf k−1 ∧ 1 − Xf k ∈ g⊥k and Xf k ∈
⋂{Mp: p ∈ ⋂mj=k+1 cl(coz(gj))}. In particular,
by the base case, we have that Xf m−2 ∈
⋂{Mp: p ∈ ⋂mj=m−1 cl(coz(gj))}= g⊥m−1 + g⊥m .
But then Xf m−3 ∧ 1− Xf m−2 ∈ g⊥m−2 implies that Xf m−3 ∧ 1 ∈
∑m
j=m−2 g
⊥
j and therefore
we have that Xf m−3 = ( Xf m−3 ∧ 1)( Xf m−3 ∨ 1) ∈
∑m
j=m−2 g
⊥
j . Thus, by recursion, we
deduce that Xf 1 ∈
∑m
j=2 g
⊥
j . Hence f∧1=(f∧1− Xf 1)+ Xf 1 ∈
∑m
j=1 g
⊥
j and therefore,
f = (f ∧ 1)(f ∨ 1) ∈∑mj=1 g⊥j ; as desired.
Let X be normal and let Ym; as above, be given. The set Ym is C-embedded in X
by [8, 3D]. Thus we have a surjective ring homomorphism ’ : C(X )→ C(Ym) given
by restriction of functions. The kernel of the homomorphism is
K = {f ∈ C(X ) : Ym⊆ZX (f)}=
⋂
y∈Ym
My =
m∑
j=1
g⊥j ;
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by Larson’s Lemma. Thus by the First Isomorphism Theorem, it follows that
C(Ym) ∼= C(X )=K = C(X )
/
m∑
j=1
g⊥j :
We utilize the one-to-one correspondence between the prime ideals of C(Ym) and prime
ideals of C(X ) which contain K; the kernel of ’.
Theorem 4.3. Let X be normal and m ≥ 2 an integer. The ring C(X ) is m-quasinormal
if and only if X satis?es the (P;m)-boundary condition.
Proof. Let Ym =
⋂m
j=1 cl(coz(gj)) be an m-boundary. Ym is a P-space if and only if
the prime ideals of C(Ym) are both minimal and maximal by [8, 4J]. By the discussion
above and Larson’s Lemma, this is also equivalent to the condition that the prime ideals
of C(X ) containing
∑m
j=1 g
⊥
j are maximal. In turn, this is equivalent, by Theorem 3.5,
to the statement that C(X ) is m-quasinormal.
By [8, 4K:1], we have that countably compact P-spaces must be Jnite and discrete.
In this light, the following is immediate.
Corollary 4.4. Let X be normal.
1. If X is countably compact; then C(X ) is m-quasinormal if and only if X satis?es
the (Jnite; m)-boundary condition.
2. If X is locally compact; then C(X ) is m-quasinormal if and only if X satis?es the
(discrete; m)-boundary condition.
3. If X is B-compact; then C(X ) is m-quasinormal if and only if X satis?es the
(countable discrete,m)-boundary condition.
Example 4.5 (ButterBy spaces). Let X be a noncompact completely regular space and
let S ⊆ "X \ X be closed. DeJne a quotient space on a topological sum as follows:
Bm(X; S) =

 m∐
j=1
"Xj

/ (S1 ∼ S2 ∼ · · · ∼ Sm);
where we assume that Xj = X; Sj = S for all j = 1; : : : ; m and Si ∼ Sj indicates that
corresponding points of S are identiJed, when i = j.
Consider X = Bm(N; "N \ N). Let gj(x) = 1=x when x ∈ Nj and let gj vanish
elsewhere on X . Then {gj}mj=1 is a pairwise disjoint set of functions such that we have
Ym=
⋂m
j=1 clX (coz(gj))="N \N; which not a P-space. Thus Bm(N; "N \N) is not an
Fm-space by Theorem 4.3. Every point of this space has rank less than or equal to m;
thus it is an Fm+1-space, by Theorem 3.5.
The minimal prime ideals contained in Mp for p ∈ "N \N and j = 1; : : : ; m; are
given by: Qjp = {f ∈ C(Bm(N; "N \ N)): p ∈ int"Nj cl"Nj ZNj (f|Nj)}. We show that
C(Bm(N; "N \N)) is a broom ring by demonstrating that Qjp⊆Q1p+Q2p for all j ≥ 3.
C.M. Kimber / Journal of Pure and Applied Algebra 158 (2001) 197–223 215
Fig. 6. Prime structure for a P-point and an F-point of the corona of Bm(N; "N \N); respectively.
Let f ∈ Qjp and represent the function by an m-tuple (f1; f2; : : : ; fm) where fk=f|"Nk
for all k = 1; : : : ; m. For some j ≥ 3; let
g1 = (fj; f2; f3; : : : ; fm) and g2 = (f1 − fj; 0; 0; : : : ; 0):
Then gi ∈ Qip for i = 1; 2 and f = g1 + g2 ∈ Q1p + Q2p. Thus we have shown that
*(C(Bm(N; "N \N))Mp) ≤ 2 for all p ∈ Bm(N; "N \N). Hence C(Bm(N; "N \N)) is
a broom ring by Proposition 3.9.
Let ’: C(Bm(N; "N \ N)) → C(Ym) be the canonical surjection with kernel K =∑m
j=1 g
⊥
j . We want to explicitly describe the root system structure at each point of
the space Bm(N; "N \ N). For each j; the points p ∈ Nj are isolated and hence the
spectrum at each of these points consists only of the maximal ideal. If p ∈ "N\N is a
P-point then Mp ∈ Max(C(Ym)) is minimal. Hence Mˆp =’←(Mp) is a maximal ideal
of C(Bm(N; "N \N)) and is minimal with respect to containing K . Thus, the maximal
ideal Mˆp is branched and the graph of Spec(C(Bm(N; "N\N)Mˆp) is as shown in Fig. 6.
If p ∈ "N \N is an F-point which is not a P-point, then Mp ∈ Max(C(Ym)) prop-
erly contains a unique minimal prime ideal, namely Op. Hence Mˆp = ’←(Mp) is a
maximal ideal of the ring C(Bm(N; "N\N)) and the ideal Oˆp=’←(Op) is the unique
prime ideal of C(Bm(N; "N\N)) which is minimal with respect to containing K . Thus,
Q1p+Q
2
p=
∑m
j=1 Q
j
p=Oˆp⊂ Mˆp and the structure of the poset Spec(C(Bm(N; "N\N)Mˆp)
has the form shown in Fig. 6.
The following is also immediate from Theorem 4.3:
Corollary 4.6. Let X be normal.
1. Let X be a noncompact; locally compact; B-compact F-space and S a closed
subspace of the corona. Then B2(X; S) is an F2-space if and only if S is ?nite.
2. Let X be an F-space and S a nowhere dense zeroset of X . Let Xj = X and let
S=Sj ⊆Xj for j=1; 2. De?ne Y =(X1X2)=(S1 ∼ S2); where corresponding points
of S are identi?ed. Then Y is an F2-space if and only if S is a P-space in the
subspace topology.
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Proof. (1) By [8, 6:9], the hypotheses on X imply that "X \X is compact and X is a
cozeroset of "X . Thus S is compact and there exists f ∈ C("X ) such that coz(f)=X .
Let
f1(x) =
{
f(x) if x ∈ "X1;
0 if x ∈ X2; f2(x) =
{
f(x) if x ∈ "X2;
0 if x ∈ X1:
Then cl(coz(f1)) ∩ cl(coz(f2)) = S. If B2(X; S) is an F2-space, then S is a compact
P-space by Theorem 4.3. Thus, S is Jnite by [8, 4K:1].
Conversely, assume that S is Jnite. Since X is an F-space, we know that any
2-boundary of B2(X; S) must be contained in S and must therefore be Jnite. Thus, every
2-boundary is a P-space and we conclude that B2(X; S) is an F2-space by Theorem 4.3.
(2) As above, any 2-boundary of Y is contained in S. In particular, S itself is a
2-boundary since it is a nowhere dense zeroset of X . Thus, if Y is an F2-space, then
S is a P-space, by Theorem 4.3. Conversely, since any subspace of a P-space is a
P-space by ([8, 4K:4]), we know that every 2-boundary of Y is a P-space. Therefore,
Y is an F2-space.
Next, we show that it is the case that any normal P-space arises as a 2-boundary in
an F2-space.
Proposition 4.7. Let Y be a normal P-space. Then there exists an F2-space X con-
taining Y such that in the subspace topology Y = clX (coz(fe))∩ clX (coz(fo)); where
fe; fo ∈ C(X )+ are disjoint.
Proof. Let Y be a normal P-space and for each y ∈ Y , let )yNy be the one-point
compactiJcation of the natural numbers in which )y plays the role of the point at
inJnity. DeJne X =(Y ∪ (∐y∈Y )yNy))=()y ∼ y). Let the points of N remain isolated.
A base for the X -neighborhoods of y ∈ Y is given by the sets of the form Uy ∪
(
⋃
y′∈Uy Ny′), where Uy is a neighborhood of y in Y and Ny′ is a neighborhood of
)y′ in )y′Ny′ .
DeJne fe on X such that fe(n)= 1=n for all even n ∈ Ny and fe(x)= 0 otherwise.
Similarly, deJne a function fo on X such that fo(n) = 1=n if n ∈ Ny is odd, and
fo(x) = 0 otherwise. Then fe ∧ fo = 0 and Y = clX (coz(fe)) ∩ clX (coz(fo)).
Since the only points of X having rank greater than 1 are contained in the subspace
Y , we have that all the 2-boundaries are subspaces of a P-space. Thus by ([8, 4K:4])
and Theorem 4.3, we have that X is an F2-space.
It is natural to consider the implications of boundary conditions other than for
P-spaces. We now take a look at F-space boundary conditions.
Theorem 4.8. Let X be normal. The following are equivalent:
1. X satis?es the (F-space; n)-boundary condition.
2. Let p ∈ "X . If {P1; : : : ; P2n}⊆Mp are pairwise incomparable prime ideals; then∑n
j=1 Pj and
∑2n
j=n+1 Pj are comparable.
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Fig. 7. Disallowed poset under the (F; n)-boundary condition.
3. There does not exist a pair of noncomparable prime ideals contained in the same
maximal ideal such that each has rank greater than or equal to n. That is;
Spec(C(X )) does not contain a copy of the poset in Fig. 7.
Proof. The equivalence of (2) and (3) is clear.
(1) ⇒ (3): Let p ∈ "X be such that Mp contains two incomparable prime ideals,
P;Q, each of rank greater than or equal to n. Let P1; : : : ; Pn⊆P and Q1; : : : ; Qn⊆Q be
distinct minimal prime ideals. For k = 1; : : : ; n, let
f1k ∈ Q+k
∖

⋃
j =k
Qj

 ∪

⋃
l=k
Pl



 f2k ∈ P+k
∖

⋃
j =k
Qj

 ∪

⋃
l=k
Pl



 :
Then by convexity and primeness,
fk = f1k ∧ f2k ∈ (Q+k ∩ P+k )
∖

⋃
j =k
Qj

 ∪

⋃
l=k
Pl




We disjointify by deJning gk =
∧
i =k fi −
∧n
j=1 fj. Then gk ∈ Qk ∪ Pk and hence,
g⊥k ⊆Qk ∩ Pk . Thus
∑n
k=1 g
⊥
k ⊆(
∑n
k=1 Qk) ∩ (
∑n
k=1 Pk)⊆P ∩ Q.
If Y=
⋂n
k=1 cl(coz(gk)), then by the prime correspondence discussed before Theorem
4.3, and by the construction of the functions {gk}nk=1, the incomparable prime ideals P
and Q of C(X ) give rise to the incomparable prime ideals P=
∑n
k=1 g
⊥
k ; Q=
∑n
k=1 g
⊥
k ⊆
Mp=
∑n
k=1 g
⊥
k in C(Y ). Therefore, Y is an n-boundary which is not an F-space.
(3) ⇒ (1): Let Y = ⋂nj=1 cl(coz(fj) be an n-boundary in X and assume that Y
is not an F-space. Then there exists p ∈ "Y such that MpY contains incomparable
prime ideals P;Q. Since C(Y ) ∼= C(X )=∑nj=1 f⊥j , we have that MpX contains the two
incomparable prime ideals P˜; Q˜ such that P˜=
∑n
j=1 f
⊥
j
∼= P and Q˜=∑nj=1 f⊥j ∼= Q.
Thus, since
∑n
j=1 f
⊥
j ⊆ P˜, we know that rkC(X )(P˜) ≥ n, by the pigeonhole principle
and [2, 3:4:12]. Likewise, rkC(X )(Q˜) ≥ n.
The special F-spaces, extremally and basically disconnected spaces, have a diPerent
sort of boundary description. Let us review a couple of results. Recall that a completely
regular space X is cozero-complemented if for any cozeroset U ⊆X there exists a
cozeroset V ⊆X such that U ∩V = ∅ and U ∪V is dense in X . Dually, an f-ring A is
complemented if for every f ∈ A+ there exists g ∈ A+ such that f ∧ g= 0 and f+ g
is not a zero-divisor.
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Lemma 4.9. Let X be completely regular.
1. The following are equivalent:
(a) C(X ) is complemented.
(b) X is cozero-complemented.
(c) Min(C(X )) is compact.
2. X is a cozero-complemented F-space if and only if X is basically disconnected.
3. X is extremally disconnected if and only if Min(C(X )) ∼= Max(C(X )) is extremally
disconnected.
Proof. (1) The equivalence of (a) and (c) is shown in ([18, 1:5]). The equivalence of
(a) and (b) is from the deJnitions.
(2) See [11, 2:16].
(3) See [18, 2:6 and 2:7].
Let F ⊆C(X ). Under the hull-kernel topology on Spec(C(X )), we deJne a subspace
homeomorphic to Spec(C(X )=
∑
f∈F f
⊥) by
PF =

P ∈ Spec(C(X )) : P is minimal with respect to containing
∑
f∈F
f⊥

 :
Proposition 4.10. Let X be normal. The following are equivalent:
1. X satis?es the (basically disconnected; n)-boundary condition.
2. X satis?es the (cozero-complemented F; n)-boundary condition.
3. If F = {fj}nj=1⊂C(X )+ is a pairwise disjoint family; then PF is compact and
there does not exist a pair of noncomparable prime ideals contained in the same
maximal ideal such that each has rank greater than or equal to n.
Proof. (1)⇔ (2): Follows from (2) of Lemma 4.9.
(2) ⇔ (3): The compactness of PF follows by (1) of Lemma 4.9 and the prime
correspondence discussed before Theorem 4.3. The Jnal statement of (3) is a result of
Theorem 4.8.
Proposition 4.11. Let X be normal. The following are equivalent:
1. X satis?es the (extremally disconnected; n)-boundary condition.
2. If F = {fj}nj=1⊂C(X )+ is a pairwise disjoint family; then PF is extremally dis-
connected and compact and there does not exist a pair of noncomparable prime
ideals contained in the same maximal ideal such that each has rank greater than
or equal to n.
Proof. Follows directly from (3) of Lemma 4.9, the prime correspondence discussed
before Theorem 4.3 and from Theorem 4.8.
C.M. Kimber / Journal of Pure and Applied Algebra 158 (2001) 197–223 219
Fig. 8. A possible conJguration of 6), a disallowed poset under the (P; m)-boundary condition.
Next we describe the spectra of C(X ) which guarantee the (Fm; n)-boundary condi-
tion on X .
Denition 4.12. Let a ∈ N and let n¿ 0 be an integer. Then we call the n-tuple )=
(a1; a2; : : : ; an) a good (ordered) partition of a if the following hold: for all j=1; : : : ; n,
we have that 0¡aj ∈ Z, a= a1 + a2 + · · ·+ an, a1¿ 1 and a1 ≥ a2.
Construct a poset 6) corresponding to a good partition ) of a containing: elements
p1; p2; : : : ; pn such that p1¡p2¡ · · ·¡pn, each such element pj lies above sj=a1+
a2 + · · · + aj minimal elements and there is an element q such that q¿pj for every
j = 1; 2; : : : ; n. Consider the root system in Fig. 8, for example.
Proposition 4.13. Let A be a commutative semiprime f-ring with identity in which
the sum of any m distinct minimal prime ideals is a prime l-ideal. Then A is
m-quasinormal if and only if Specl(A) does not contain 6) as a subposet for any
good ordered partition ) of m.
Proof. Assume that Specl(A) contains 6) as a subposet for some good ordered partition
)=(a1; : : : ; an) of m. Let Pk be the prime l-ideal at the node pk for each k =1; : : : ; n.
For a Jxed k, let Qk ={Qkj}akj=1 be a family of distinct minimal prime ideals contained
in Pk but not contained in Pj for j¡k. Then
⋃n
k=1 Qk is a family of m distinct
minimal prime ideals whose sum is the nonmaximal prime l-ideal Pn. Thus A is not
m-quasinormal.
Conversely, if A is not m-quasinormal, then there exists a family of m distinct
minimal prime ideals {Qk}mk=1 such that
∑m
k=1 Qk is not a maximal l-ideal. Let P1 =∑m
k=1 Qk and let M be the maximal l-ideal containing it. Then the subposet of Spec(A)
bounded by the elements corresponding to the prime l-ideals in the set {P1; M} ∪
{Qk}mk=1 is of the form 6) for some ).
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Fig. 9. A possible conJguration for 6k); a disallowed poset under the (Fm; k)-boundary condition.
Obtain a poset 6k) by appending a root system having at least k ≥ 2 minimal vertices
to each terminal element of the poset 6). For instance, consider the root system given
in Fig. 9.
The following is a consequence of Proposition 4.13 and the method of proof of
Theorem 4.3.
Corollary 4.14. Let X be normal. Then the following are equivalent:
1. X satis?es the (Fm; k)-boundary condition.
2. Spec(C(X )) does not contain a subposet of the form 6k) for any good ordered
partition ) of m:
3. Let a family P⊆Spec(C(X )) of mk noncomparable prime ideals and a good
partition )=(a1; a2; : : : ; an) of mk be given. Partition P into pairwise disjoint sets
{Pj}mkj=1 where Pj contains aj elements of P: Then at least two of the prime
ideals given by
∑
Pj are comparable.
Proof. The equivalence of (2) and (3) is clear.
(1) ⇒ (2): Assume that X contains a k-boundary Y = ⋂kl=1 cl(coz(fl)) which is
not an Fm-space. Then by Proposition 4.13, Spec(C(Y )) contains a subposet of the
form 6) below some maximal ideal M
p
Y for some good partition ) = (a1; : : : ; an) of
m and some p ∈ "Y: For each i = 1; : : : ; n; let Pi be the prime ideal at the node
pi ∈ 6) and let {Qij}aij=1 be a family of distinct minimal prime ideals contained in
Pi but not contained in Pl for l¡ i: Then, by the prime correspondence discussed
before Theorem 4.3, there exist, for each i; prime ideals P˜i; Q˜ij in C(X ); such that
Pi ∼= P˜i=
∑k
l=1 f
⊥
l and Qij ∼= Q˜ij =
∑k
l=1 f
⊥
l for each j: Then by [2, 3:4:12], rk(Qij) ≥ k
for all i; j: Therefore, the spectrum below MpX contains a copy of 6
k
):
(2) ⇒ (1): Assume that the spectrum below MpX contains a copy of 6k) for some
good partition ) = (a1; : : : ; an) of m: For each i = 1; : : : ; n; let Pi be the prime ideal
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at the node pi ∈ 6k) and let {Qij}aij=1 be a family of distinct nonmaximal as well as
nonminimal incomparable prime ideals contained in Pi; but not contained in Pl; for
l¡ i: For each pair i; j such that 1 ≤ i ≤ n and 1 ≤ j ≤ ai; let {Qlij}kl=1 be a family
of distinct minimal prime ideals contained in Qij but not contained in Qrs ; if r ¡ i or
if r = i and s = j:
Let fstr ∈ Qr+st \ (
⋃
l=r
1≤s≤n
1≤t≤as
Qlst ). Then, by convexity, we have that for all 1 ≤ r ≤ k;
fr =
∨
1≤s≤n
1≤t≤as
fstr ∈


⋂
1≤s≤n
1≤t≤as
Qr+st


∖


⋃
l=r
1≤s≤n
1≤t≤as
Qlst


:
Disjointify these functions via gr =
∧
u =r fu −
∧k
v=1 fv ∈ Qrst : Then g⊥r ⊆Qrst for
all s; t: Finally,
∑k
r=1 g
⊥
r ⊂Qij for all pairs i; j. Then Y =
⋂k
r=1 cl(coz(gr)) is not an
Fm-space since M
p
Y contains 6) as a subgraph, by our choice of the functions.
5. "X; m-quasinormal and SV conditions
Now we give equivalent conditions under which one may expect that "X is an
Fm-space for some integer m: This improves [16, 4:3] and extends [16, 3:3].
Lemma 5.1. Let X be normal and let Ym = {x ∈ X : rkX (x)¿m− 1}:
1. Let y ∈ "X \ X: If rk"X (y)¿m− 1; then y ∈ cl"X (Ym):
2. If Ym is compact; then rk"X (y) ≤ m− 1 for every y ∈ "X \ X:
Proof. (1) Let U be a "X -neighborhood of y: Then there exists a closed "X -
neighborhood V of y such that V ⊆U and V ∩ X is closed in X: Since V ∩ X is
C∗-embedded in X; we have that y ∈ "(V ∩X )= cl"X (V ∩X )⊆V: Now, by [16, 1:6],
we have that V ∩ Ym = ∅ since rk"X (y)¿m− 1:
(2) Let y ∈ "X \ X: If rk"X (y)¿m− 1; then by (1); y ∈ cl"X (Ym)⊆X; which is a
contradiction. Hence, rk"X (Y ) ≤ m− 1:
Using the lemma above and Theorem 4.3, we obtain:
Theorem 5.2. Let X be normal and let m ≥ 2 be an integer. The following are
equivalent:
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1. C(X ) is m-quasinormal and rkX (Mp) ≤ m− 1 for every p ∈ "X \ X:
2. X satis?es the (Jnite; m)-boundary condition.
3. X contains only ?nitely many points of rank greater than m− 1:
4. "X contains only ?nitely many points of rank greater than m− 1:
5. C("X ) is m-quasinormal.
Proof. The implications (2)⇒ (3)⇒ (4)⇒ (5) have the exact same proofs as in [16,
Theorem 4.3], using Lemma 5.1.
(5) ⇒ (2): Let {coz(fi)}mi=1 be a pairwise disjoint set of cozerosets of X; and for
each i; let f"i be an extension of fi to "X so that {coz(f"i )}mi=1 is a pairwise disjoint
family. Then
⋂m
i=1 cl"X (coz(f
"
i )) is Jnite by Theorem 4.3. Since
⋂m
i=1 clX (coz(fi)) is
contained in this Jnite set, it too is Jnite. Thus, (2) holds by Theorem 4.3.
(1)⇒ (5): Follows from Theorem 3.5.
(3) ⇒ (1): Since (3) implies (5); we have that C(X ) is m-quasinormal. Condition
(3) also implies that rk"X (p) = 1 for all p ∈ "X \ X; by Lemma 5.1.
Recall that an f-ring A is called an SV-ring if A=P is a valuation ring for every
prime ideal P: The following arises when in pursuit of conditions which imply that
C(X ) is both m-quasinormal and SV.
Theorem 5.3. Let X be normal and m ≥ 2. If C(X ) is m-quasinormal and every
maximal ‘-ideal has ?nite rank; then X satis?es the (Jnite; m)-boundary condition.
Proof. Assume that C(X ) is m-quasinormal, that every maximal ‘-ideal has Jnite rank
and that {Uj: 1 ≤ j ≤ m} is a family of pairwise disjoint cozerosets such that the set
W =
⋂m
j=1 clX (Uj) is inJnite. Then there exists a copy of N in W: Denote this copy
by Y = {xj: j ∈ N}: Then Y is not closed in "X ; so there exists p ∈ "X such that
p ∈ cl"X (Y ) \ Y: Let {U ′j : 1 ≤ j ≤ m} be cozerosets of "X such that U ′j ∩ X =Uj for
each j: Then p ∈ U ′j for all j = 1; 2; : : : ; m and p ∈
⋂m
j=1 cl"XU
′
j :
For each i; xi ∈ W and hence rkX (xi) ≥ m: Let P1i ; P2i ; : : : ; Pmi be distinct minimal
prime ideals of C(X ) such that we have Pji⊆Mxi for all j = 1; 2; : : : ; m and Uj ∈⋃
k =j coz(Pki): Let p ∈ "X and rkC(X )(Mp) = n¡∞: Then as shown in the proof of
[16, 4:2], there exists a minimal prime ideal Q⊆Mp such that for every Z ∈ Z(Q)
such that Z ∩ Y is inJnite.
For every f ∈ C(X ) deJne J jf = {xi ∈ Y : f ∈ Pji} for j = 1; 2; : : : ; m: Let F
be the z-ultraJlter on Y containing the z-Jlter {Z ∩ Y : Z ∈ Z(Q)}: DeJne for j =
1; 2; : : : ; m; Rj = {f ∈ C(X ): J jf ∈ F}: As shown in [16, 4:2], each Rj is a prime
ideal of C(X ):
First we show that the Rj are noncomparable ideals. For each xi ∈ Y; let Ui be a
neighborhood of xi such that the collection of these neighborhoods is pairwise disjoint.
For each i ∈ N and for each 1 ≤ l; k ≤ m; let flki ∈ C(X ) such that flki ∈ Pli \ Pki;
f(X \ Ui) = 0; and 0 ≤ flki ≤ 1=2i. Then let flk =
∑∞
i=1 flki: Finally, flk ∈ Rl \ Rk
and fkl ∈ Rk \ Rl for all 1 ≤ l; k ≤ m; l = k:
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Let R′j ⊆Rj be a minimal prime ideal for each j = 1; 2; : : : ; m: Larson demonstrates
that Rj ⊆Mp for all j: We will show that
∑m
j=1 R
′
j is neither the maximal ‘-ideal M
p
nor all of C(X ):
DeJne h ∈ C(clX Y ) by h(xi) = 1=i for i = 1; 2; : : : and let h(x) = 0 otherwise. Then
since X is normal and clX Y is closed, h extends to a function h˜ ∈ C(X ) such that
h˜ ∈ Mp: We show that h˜ ∈ ∑mj=1 Rj: For each j = 1; 2; : : : ; m; let fj ∈ Rj: Then
J jfj ∈ F and hence
⋂m
j=1 J
j
fj ∈ F and (
∑m
j=1 fj)(xi) = 0 for every xi ∈
⋂m
j=1 J
j
fj : If
h˜ =
∑m
j=1 fj then since h˜(xi) = 0 for all xi ∈ Y; ∅ =
⋂m
j=1 J
j
fj ∈ F; a contradiction.
Thus h˜ ∈ Mp \ ∑mj=1 Rj and therefore, ∑mj=1 R′j ⊆∑mj=1 Rj ⊂Mp and C(X ) is not
m-quasinormal, a contradiction. Thus for any m pairwise disjoint cozerosets {Uj: 1 ≤
j ≤ m}; the set ⋂mj=1 clXUj is Jnite.
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